Appendix B

Source Code Tests



The source code for the numerical solution to Equation (2), incorporating reverse particle
tracking, was tested against a number of benchmark cases for which the solution was exactly
known. In addition, the simulations for these benchmark cases using reverse particle tracking
were compared with simulations using the numerical schemes from two widely -applied water
quality modeling packages, Water Quality for River-Reservoir Systems (WQRRS) (Smith, 1978)
and QUALZ2E (Brown and Barnwell, 1987).

NUMERICAL METHODS

Reverse Particle Tracking

Rewerse particle tracking, the numerical method used in this study, is a mixed Eulerian-
Lagrangian scheme. As described by Zhang et al (1993), the state variable is simulated in the
adwvection step by sending a fictitious particle from each node, j (Figure 5), backward to the point,

X; =X; - Iu* dt (B.1)

where,

u = velocity encountered by the particle while moving from x’jto x;.
WOQORRS

The numerical method used in WQRRS is a finite difference Eulerian scheme that begins
with the mass balance equation for a state variable, T, stated in matrix form as

[v]{f}:[slwp} 6.2

where,
[V] = matrix with element wlumes on the diagonal and zeroes elsewhere,
{T} = vector of theratesof changeof Tineachelement,
[S] = Matrix of coefficients multiplies the state variable, T,
{T} = Vector of the state variable in each segment,
[P] = Vector of constant terms for each segment.



Equation (B.2) is solved numerically by assuming
Tieat = Ti+ %("i't +-i't+At) (B.3)

This leads tothe following solution

[S*HT} - {D} (B.4)

where,
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QUALZ2E

QUALZ2E (Brown and Barnwell, 1987) uses an upstream, implicit method to solve the
finite difference equation for a state variable, T

Tjk+1 _-I—J_k Qj Tjk+1 _ Qj-l -I—jk_Jlrl ™
= - +1j T + +Pj (B.5)
At Vj J
where,
Qi = flow out of the jth element,
Vi = wlume of the jth element,
] = first order rate constant,
Pj = internal sources in the jt" element.



Equation (B.5) does not include a term for longitudinal dispersion, as does the more
general form of the equation found in the QUAL2E documentation (Brown and Barnwell, 1987).

TEST CASES
Test Case A

Test Case A is based on an idealized river system 100 miles long divided into 100 equal
segments. The longitudinal speed of the water is one mile/day. The boundary condition at x=0

for the state variable, T, is kept constant at 20 units and decays according to a first-order loss
rate, K =0.20. In a Lagrangian frame of reference

dT

— = -KT B.6
it (B.6)

And in Eulerian frame of reference

a +Ug = -KT B.7)
ot OX

where,

U = (constant) longitudinal speed of the water.

The solutions to Test Case A, obtained with reverse particle tracking, WQRRS and
QUALZ2E are shown in Figure B.1.

Test Case B

The geometry and hydrology for this case are the same as for Test Case A abowve. The
boundary for the state variable, T, is varied according to

T(x=0) =10 + 10sin@ nt/Py)

where,

Po = 10, 20, 50, 100 days

The results from the various numerical schemes are shown in Figures B.2 — B.5.



Test Case C
Test Case C uses the same geometry and hydrology as the previous two test cases. The
boundary condition at X =0 is defined as

T(t,x=0) = 20 u-1(t)

Where,
u-1(t) = the generalized function such that T(t,x=0)= 0 for t<O,

T(t,x=0)= 1 for t>0.
Results of simulations are shown in Figure B.6.

Test Case D

Test Case D is similar in all respects to Test Case B, with the exception that the
segments used to describe the system are unequal and the periods associated with the harmonic
functions describing the boundary conditions are

Po = 5, 10, 20, 50 days.

Segment 1 (the most upstream segment) is 0.5 miles in length, Segment 2 is 1.0 miles in length,
Segment 3 is 1.5 miles in length, Segment 4 is 0.5 miles in length, Segment 5 is 1.0 miles in
length, Segment 7 is 1.5 miles in length, the pattern repeating in this way for the entire length of
the idealized system. The simulation results for this case are shown in Figures B.7 — B.10.

Test Case E

Test Case E is dewveloped from solutions to the linearized form of the thermal energy
budget equation (Edinger etal, 1974). In Lagrangian form,

daT
E = K(Tequil' T) (B-8)

And in Eulerian form,

oT orT
Iy + U& = K(requil' T) (B8.9)



where,
K = afirst-order rate constant which is a function of meteorological
parameters and water depth,

water temperature at which there is no heat transfer across the
the air-water interface,

Tequil

= Tasin (2 1t/ Pa) + Tavg.

The Laplace transform gives the following solution

T(t)=To(t) +KT, [w(@e“ - ©c0s (©7) + K sin(w1)
®° +

K2
+W(—K e™ +K cos (01) + 0 Sn(@Y] + Tpy, (1-e™) (B.10)
o +K
where,
To = boundary condition at x =0
= ATo sin (2 IT t/ Po) + To avg,
® = 211/ Pa,
T = x/U.

Simulations were done for specific cases in which

ATo = 10,

Toavg = 10,

Ta = 10,

Tavg = 15,

Pa = 360,

Po = 5, 10, 20, 50,
x/U = b



The results are shown in Figures B.11 — B.14.

DISCUSSION

For the Test Case A, the steady-state problem with a first-order decay constant, K
(Figure B.1), all three methods differ slightly from the exact solution. This error is a function of the
ratio of the integration time step to the time constant (1/K). Reducing this ratio will also reduce
the errors in all simulations.

Test Cases B — E provide indications of model performance in propagating high
frequencies when advection is important. The reverse particle tracking method gives nearly exact
solutions when the Courant number, U Ax/At, is equal to one (Test Cases, B, C, and E). For the
case when the Courant number is not always equal to one (Test Case D), reverse particle begins
to show the effects of numerical dispersion when the period, Po= 10 or lower.

Numerical dispersion is evident in simulations using WQRRS and QUALZ2E for all test
conditions including those where the Courant number is equal toone. In Test Cases B, C and D,
the effects of numerical dispersion on amplitudes are severe when the period, Po= 20 or lower.
WQRRS has somewhat better high-frequency response than QUAL2E, however. Both amplitude
and phase of QUAL2E and WQRRS simulations are affected in Test Case E.



